We study in detail the prediction for the semileptonic decaysB → D(D * )πℓν by heavy quark and chiral symmetry. The branching ratio forB → Dπℓν is quite significant, as big as (0.5 − 1)%. The branching ratio forB → D * πℓν is only of order 10 −4 − 10 −5 . Numerical results for various single particle spectra and their dependence on the pion momentum cutoff schemes are presented in a series of figures, as are the model independent ratios for differential rates of D and D * . We also study the parity-violation effects on the decay rates for different polarization states of the D * .
I. Introduction
Flavor and spin symmetry of heavy quarks [1, 2] and chiral symmetry of light quarks together impose strong restrictions on the semileptonic decays of aB meson [3] [4] [5] [6] such asB → Dπℓν andB → D * πℓν. Heavy quark symmetry predicts that the weak vertex contains only a universal Isgur-Wise function with an overall factor calculable in QCD. Chiral symmetry, on the other hand, requires one unknown coupling constant to describe soft pion emissions from any ground-state heavy meson at low energies. Thus, the semileptonic decays with a soft pion are completely determined by the Isgur-Wise function measured inB → D * ℓν and the coupling constant that describes the strong decay D * → Dπ. The Feynman diagrams for the decays to be studied in this work are shown in Figs. 1 and 2 . The matrix elements for these decays are explicitly given in [3] . In this paper, we explore the implications in detail. Furthermore, since the unknowns appear as an overall factor of the decay matrix elements, many of the ratios of the differential spectra are free of any adjustable parameter. Some of these ratios are presented.
There is another motivation to study the semileptonic decays of theB meson with emission of additional pions. The 1992 Particle Data Group (PDG) [7] gives where ℓ indicates e or µ mode (not sum over modes), and the charge of B is not determined in the last branching ratio (1.5). Clearly, beside the Dℓν and D * ℓν modes, there exist other important semileptonic decays of theB meson. There are indications from ARGUS [8] and CLEO [9] thatB → D * * ℓν gives a significant contribution. It is still interesting to ask how large the branching ratios forB → Dπℓν andB → D * πℓν are. It turns out that the branching ratio forB → Dπℓν can be quite significant, perhaps as large as 1%, while the branching ratio forB → D * πℓν is much smaller, of order 10 −4 to 10 −5 .
We would like to comment on our work in relation to other recent studies on similar subjects [10, 11, 12] . Lee, Lu and Wise [10] have extended the earlier formalisms for the K ℓ4 and D ℓ4 decays [13] to D → Kπlν, D → ππlν, B → ππlν, andB → Dπℓν. For the last decay, Lee et al. [10] have considered the predictions of chiral perturbation theory and heavy quark symmetry. They have calculated the decay rate in the region where chiral perturbation theory is expected to be valid. Kramer and Palmer [12] have discussed the decayB → D * ℓν → Dπℓν in the resonant region and calculated the rate and angular correlation parameters in the framework of chiral and heavy quark symmetry. Lee [11] has generalized the analysis of [10] to the decayB → D * πℓν and has considered only the decay rates with the D * polarizations summed over. In our work, starting with the amplitudes given in [3] , we derive explicit formulae for the differential decay rates of bothB → Dπℓν andB → D * πℓν. Single particle energy spectra for D or D * , the electron and the pion are evaluated numerically; their dependence on the pion momentum cutoff schemes is studied. In the case ofB → Dπℓν, the D * pole dominates the amplitude, and the rates for the Dπ system in the resonant and nonresonant regions (to be defined in Section V) are sensitive to the total decay width of D * . Although the charged D * ± decay almost exclusively to Dπ, the neutral D * 0 has a substantial radiative decay contribution [14, 15] . Consequently, the widths of D * are not simply related to the D * Dπ coupling constant. With our theoretical results for the D * Dπ coupling constant and the total widths of D * ± and D * 0 [14] , we are able to predict the decay rates forB → D * ℓν andB → (Dπ) nonres ℓν. The definitions of resonanting Dπ (to be identified with D * ) and nonresonanting Dπ are given in Section V. Our results forB → D * ℓν for both charged and neutralB mesons agree with the available data (1.2) and (1.4). Our approach differs from those of [10] and [12] . In [10] it is suggested that the decay rates forB → Dπℓν can be used to fix the D * Dπ coupling constant. This is possible in principle provided that the Dπ system is sufficiently far away from the D * resonance so that its rate is calculable without knowing the D * widths. But then the rates are rather small. On the other hand, the authors of [12] proposed that the decaysB → (Dπ) res ℓν can be used to determine the D * Dπ coupling constant. As we have pointed out earlier, this will require information on other decay modes of D * .
It is not straightforward to compare our numerical results with those presented in [10, 11, 12] . As already mentioned, Lee, Lu and Wise [10] restrict themselves to the kinematic region away from the D * pole inB → Dπ + eν. However, we include the region close to the resonance in our calculation. Lee [11] does not work out the total rates forB → D * π + eν, and none of our single particle spectra correspond to his tabulated differential rates. A crude estimate indicates that our total rate forB → D * π + eν would have agreed with his within about a factor of two if the same Isgur-Wise function and value of the D * Dπ coupling constant were used. Kramer and Palmer [12] did not specify which charged modes they considered. Our rates forB → Dπ + eν in the resonant Dπ region agree with theirs within about a factor of two.
In the case ofB → D * πℓν, the single particle spectra are calculated for polarized D * . The underlying V − A interaction of the quarks makes the spectra polarization dependent. Instead of describing all these results in words, we choose to present them in a series of figures.
The paper is organized as follows. In Section II we review the general kinematics of the four-body semileptonic decays. In Section III we make use of the matrix elements given in [3] to calculate the differential decay rates forB → Dπℓν. The same analysis is carried out forB → D * πℓν in Section IV, with special attention given to the polarization of D * . The results are discussed in Section V. We present the single particle spectra, the semileptonic rates versus the D * width, etc., in a series of figures. The connection between different Lorentz frames is considered in Appendix A. In Appendix B we derive a linear relation between the semileptonic decay rate and the inverse of D * width and discuss some of its implications. Some preliminary results have been reported earlier by two of us [16] .
II. Kinematics
In this section we will review the kinematics of the decays
General kinematics for such processes has been studied by several authors before [10] [11] [12] [13] 17] . We will pay special attention to the new features for the latter where the polarization of D * is involved. It is well known that there are five independent kinematic variables for these processes if the spin of the initial state is zero or is not observed. Let the momentum of thē B meson, D (or D * ), the pion, the charged lepton, and the neutrino be P B , p, q, p ℓ and p ν , respectively. For the five variables we follow earlier authors' convention and pick These variables are depicted in Fig. 3 . In the same figure, we also display the three orthonormal vectors associated with the 3-momentum of D * in the D * π rest-frame. They will be useful for describing the polarization states of D * . The positive z-axis is along the line of flight of the D(D * )π system in theB meson's rest frame; the x-axis is in the D(D * )π plane. The lepton mass will be neglected. We now form the combinations,
and find
where
D * as the case may be. Three frames of reference are of particular interest: the B-frame in which theB meson is at rest, the M-frame which is the center-of-mass frame of the D(D * )π system, and the L-frame which is the center-of-mass frame of the lepton pair. To construct some of the Lorentz invariants, it is often necessary to specify the individual components of various fourvectors in one of these coordinate systems. This information is provided in Appendix A. In particular, we find
4c)
where X and β are defined in Appendix A, and our convention is ǫ 0123 = 1.
In the laboratory frame (the B-frame), the above relations become
5a)
The four-body phase space element is given by
To reduce the above expression to a five-dimensional integral, we insert the factors
9b)
(2.9c)
Finally, we obtain the desired result
The region of integration is specified by
In the next two sections we will consider the single particle energy spectra in the laboratory frame (the B-frame). For this purpose we can make use of the relations (2.4) and (2.5) to change variables from s M and s L to E p and E ℓ or E q and E ℓ . For example,
The Jacobian in (2.12) can be computed from (2.4) and (2.5). Other expressions for the fourbody phase space element which were useful in doing numerical calculations and verifying results are found in [18] .
III. The Semileptonic DecayB
The general formalism for this type of decay has been worked out by several authors [3, [10] [11] [12] . The hadronic matrix element for this process contains four form factors. We will not repeat the analysis here. In an earlier work [3] we have shown that the combined heavy quark symmetry and chiral symmetry requires only a single form factor to describe the decay, provided the emitted pion is soft.
The essential results are summarized below. The effective Lagrangian for semileptonic weak decays is given by
where G F is the Fermi coupling constant, J µ the charged hadronic weak current and j µ the lepton's charged weak current. To be specific, let us considerB
e . We have followed the convention that aB meson contains a b quark, while a D meson contains a c quark. The matrix element is given by
where V cb is the CKM matrix element [19] for b → c transitions. We will write
where the pion decay constant f π = 93 MeV, f is the D * Dπ coupling constant, ξ is the universal Isgur-Wise function normalized to
and C cb is the QCD correction factor
The quantity H µ can be extracted from the result in [3] ; it is given by
where the four-velocities v and v ′ are defined by
The form factors w 1,2 , r and h are explicitly known in the soft pion limit:
8a)
In the numerical calculations, we have incorporated the finite width of D * , Γ D * , to properly handle the D * resonance by making the replacement:
The differential decay rate is then
where the lepton tensor L µν is given by
For a charged pion in the final state, the above expression (3.10) for dΓ has to be multiplied by 2 due to isospin. A straightforward but tedious calculation gives
where σ is the pseudoscalar defined by (2.4b). In deriving (3.12) we have also made use of the relations
With the help of (2.4), (2.5) and (2.12), we can work out the single-particle spectra
. They will be discussed in Section V.
IV. The Semileptonic DecayB
The kinematics for this decay is very similar to the one discussed in previous sections. The new feature here is the polarization of the vector meson D * which we will exploit in our study.
In analogy with (3.3) forB → Dπℓν we define
where an extra minus sign is introduced here compared with (3.3) due to the scalar products involving the polarization vector ε µ of D * . Heavy quark symmetry and chiral dynamics have a definite prediction for H ′ µ when the emitted pion is soft. In this limit we find from [3] 
and
4d)
4f )
In our numerical calculations for this process we will not employ the full propagator (3.9) as we do for the decayB → Dπℓν, since none of the intermediate states can become real here.
The absolute value squared of the matrix element involves
where the lepton tensor L µν is the same as the one given by (3.11) . Each term in (4.5) is straightforward to compute, though it is tedious sometimes.
To begin with, we introduce the quantities
and σ
Then, we find
8d)
Similarly, we write
9c) and
The polarization state of a massive vector meson is not a Lorentz invariant concept. A state with a definite polarization in one frame of reference will become a linear combination of states with different polarizations in another frame of reference. When the polarization of a vector meson is specified, we have to give the frame of reference in which it is defined. In our numerical calculations and results to be presented in the next section, we will employ states of D * with definite polarizations in the rest frame of theB meson (the B-frame). The polarization vectors in the M-frame and their Lorentz transforms in the L-frame are provided in Appendix A. Polarization vectors in the B-frame are not explicitly given, but they are not difficult to construct.
V. Results and Discussion
In this section we make use of the results obtained in the last two sections to compute the single particle spectra for the charmed meson (D or D * ), the pion and the electron, and the total rates forB → D + π + ℓν andB → D * + π + ℓν. These results are presented in a series of figures. The energies in the single particle spectra of these figures are those measured in the rest frame of theB meson; the polarizations of D * are also specified in the B-frame. Since the validity of chiral symmetry demands the emitted pions be soft, we must impose cutoffs on the pion momenta in our calculation. It is not clear how soft a pion must be for chiral symmetry to work, nor is it obvious in which reference frame the pion has to be soft. For the problem at hand, there are two obvious frames: the rest frame of theB meson and the rest frame of D(D * ) system. As the pion is soft, the center of mass frame of the D(D * )π system is approximately the same as the rest frame of the D(D * ) meson. We refer to the latter as the D-frame or the D * -frame as the case may be. Results are presented with the pion momentum cutoff in the B-frame, the D-frame, or both. We simply cut off the pion's 3-momentum at 100 MeV/c or 200 MeV/c in the appropriate frame of reference. Comparison among the plots for different cutoffs should give some idea of the sensitivity of our results to the different cutoff procedures. Generally speaking, the shapes of various spectra do not differ very much. The rate forB → Dπℓν does not change by much, but that forB → D * πℓν varies by almost an order of magnitude.
Throughout our calculations, we use the following values of the well-measured parameters [7, 20] : We also use
In (5.2), the value for the fundamental coupling constant f is the one from the quark model given in our earlier work [3] , and the D * widths are our prediction [14] . We also used other values for Γ D * as shown in Figs. 7-10. As for the Isgur-Wise form factor, we use the one given by Burdman [21] ξ(y) = 1 − ρ 2 (y − 1) + c(y − 1) 2 . 
All others are nonresonant. For comparison with experiment, the resonant part is identified asB 0 → D * ℓν followed by the decay of the D * to the specific Dπ state, while the nonresonant part is identified asB 0 → Dπℓν. We have found that the contribution from the D * pole dominates both the resonant and nonresonant decays. Since the most important Feynman diagram is Fig. 1b , where the pion is emitted in a transition from D * to D, it is most reasonable to cut the pion's three momentum off in the D-frame. We see from Figs. 4-6 that the shapes do not change much between the single-particle spectra in the resonant region and their counterparts in the nonresonant region. However, the rates in the resonant region are larger than those in the nonresonant region by a factor of 7. When the cutoff increases from 100 MeV to 200 MeV, the nonresonant rate increases by about 15%. The pion momentum cutoff of 100 MeV or 200 MeV in the D-frame has no effect on the resonant contribution, since the pion momentum in this frame is only about 40 MeV. We have investigated the sensitivity to Γ D * of the shapes of the single particle spectra. They hardly change as Γ D * varies from 0.1 MeV to 1 MeV.
To estimate the branching ratios ofB 0 → (Dπ) res + e −ν e andB 0 → (Dπ) nonres + e −ν e , we first convert the mean lifetime ofB mesons [7] τ B = (12.9 ± 0.5) × 10 −13 s ,
to a total decay width of
The width Γ D * also affects the total decay rates forB 0 → (Dπ) res + e The corresponding branching ratios are As mentioned in the Introduction, there appears to be a deficit between the branching ratio for the inclusive semileptonic decays B → e ± ν e +hadrons and the sum of the two exclusive channels
Our study shows that the nonresonant decayB 0 → Dπℓν can have a substantial branching ratio, although not enough to account for the difference. Nevertheless, it is measurable and is interesting in its own right.
Before we leave the subject ofB → (Dπ) nonres ℓν, we would like to repeat a comment made in Appendix B. The results for nonresonant contributions (5.9b), (5.9d), (5.13) and (5.14) are very sensitive to the definition (5.6) for resonant contributions. To compare our predictions with future experiments, we must bear this point in mind. Of course, the sum of the resonant and nonresonant contributions is independent of this arbitrary division into resonant and nonresonant parts.
We now turn to the decayB 0 → D * + π 0 e −ν e . The results are shown in Figs. 11-16 . The overall rates are smaller thanB 0 → Dπℓν by two or three orders of magnitude. For this process, we have imposed the pion momentum cutoff in the B-frame or in both the B-frame and the D * -frame. We see that different cutoffs give significantly different rates. In addition to the figures, integrated rates forB
e are given in Table I . The polarization of the vector meson D * is a new feature of this decay. It can be exploited to study the nature of weak interaction dynamics. In Figs. 11-16 , we show the single particle spectra for each polarization of D * in the B-frame. In all cases, contributions from the lefthanded and longitudinal polarizations dominate that from the right-handed polarization. This can be simply understood as a result of the V − A coupling of the quarks to the W ± bosons. The charmed quark produced by theB decay is predominantly left-handed. The helicity of this charmed quark will not be affected by the creation of the soft pion by the light quark interactions. A simple reflection will show that a left-handed charmed quark can only lead to a vector meson D * with a left-handed polarization or a longitudinal polarization. Since the charmed quark has a finite mass, there is some contamination from the right-handed component. This contamination should be small when the charmed quark (hence D * ) is energetic. This reasoning is indeed borne out by our calculations.
Our results so far rely on a specific fit to the Isgur-Wise form factor and a choice of the values of f , V cb , etc. All these uncertainties will disappear if we take the ratio of the corresponding quantities at the same value of v ·v ′ in the decaysB → Dπℓν andB → D * πℓν. These ratios are the model independent predictions from the heavy quark symmetry and chiral symmetry. They are displayed in Figs. 17-20 . We await the day when we will be able to compare these curves with experimental data.
To get a better idea of how the decay rates depend on the pion momentum cutoffs, we have extrapolated our results beyond the soft pion limit. In Figs. 21-23 , we show the various decay rates as a function of the pion momentum cutoff in the B-frame, the D-frame, or both. SinceB → (Dπ) nonres ℓν is dominated by the D * pole, it is not very sensitive to a change in cutoff. Unfortunately, forB → D * πℓν the rates vary rapidly with the cutoff at low pion momenta. This exercise raises an important question: What constitutes a soft pion?
Finally, so far we have completely neglected the contribution fromB → D * * ℓν, D * * → D * π. Theoretically, this is justified since D * * and D * are nondegenerate, so the amplitude vanishes in the soft pion limit. However, this contribution can be important in practice. It certainly deserves further study [24] . 
Appendix A
In this appendix we present some of the properties of various four-momenta in the three coordinate systems mentioned in the text (the B-, M-, and L-frames). Many of the results can be found in the literature [10, 13, 17] .
In the center of mass system of D(D * )π (the M-frame), we have
In the M-frame, the components of the four-vectors P µ and L µ as well as the linear polarization vectors e Table II .
Sometimes, we need to know the Lorentz transformations that connect the different frames of references. A simple calculation gives the parameters 
If a µ L and a µ M are components of the same four-vector in the L-frame and the M-frame, respectively, they are related by the Lorentz transformations
Similar equations hold using β M B to relate a µ B and a µ M , the components of a vector in the B and M frames.
From Q µ and P µ we can construct another four-momentum which is orthogonal to P µ :
with
Now, we are ready to list the components of various four-vectors in different frames of reference. In the L-frame, the components of various four-vectors are listed in Table III .
The components of P B and p ν can be inferred from the ones given above in the Tables. Furthermore, with the help of a Lorentz transformation we can determine the components of all the four-vectors in another coordinate system.
To obtain (B.5), we have used the fact that the width of the decay D * → Dπ is independent of the D * polarization. The argument s M appears in the numerator of the integrand of (B.5) because the widths are those appropriate for D * with a mass √ s M .
Let us introduce the new variables
Eq.(B.5) now becomes
When the width Γ D * is small, the integrand can be expanded in a Taylor series. The leading term is
If the range of s M is not restricted, after the x-integration we obtain
where (B.6b) has been used. This is a well-known result in the theory of resonances. In practice, experimental cuts are imposed on the range of s M . Suppose the cut is 10) which corresponds to
then the region (B.10) or (B.11) is the resonant contribution and outside this region is the nonresonant contribution. Finally,
The constant terms A and A ′ which are independent of Γ D * may arise from the nonleading contributions of Γ D * pole , the B * -pole contributions, and the interference terms between the B * -pole and D * -pole contributions. These constants A and A ′ are generally very different for resonant and nonresonant contributions.
The definition (5.6) for resonant contributions corresponds to N = 3 and for this choice we have 
e is found to be rather small and independent of Γ D * as seen in Fig.  10 . This behavior can be understood by the following considerations. We notice that the leading term in the approximation (B.8) vanishes since there is no phase space for the decay D * 0 → D + π − (see the mass values given in (5.1)). In addition, from (5.1) we have for 0.1 MeV ≤ Γ D * 0 ≤ 1 MeV. We conclude that in the denominator of the D * propagator of (B.1), the imaginary part is always small and hence it can be neglected. The result is therefore independent of Γ D * 0 . Moreover, the denominator of the D * propagator is never very small and the phase space near its minimum (B.15) is very limited. As a consequence, the decay rate is substantially reduced.
The definition (5.6) for resonant contributions is reasonable, but somewhat arbitrary. However, the decay rate for resonant contributions is rather insensitive to the definition. As N varies from N = 2 to N = ∞, the slope in (B.13a) changes by −5.7% and +11.7%, respectively. On the other hand, the nonresonant contributions are very sensitive to the experimental cuts.
Finally, Figs. 7-10 show that the straight lines for the resonant contributions for both charged and neutralB mesons pass through the origin. We conclude that A ≈ 0. This is e is kinematically forbidden in the resonant region. The pion momentum cutoff of 100 MeV or 200 MeV in the D-frame has no effect on these rates. 
